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Summary

e Review of String / Gauge theory duality ( )

e Folded Spinning string solution
(Gubser, Klebanov, Polyakov, 02)

e Short spinning string, Quantum corrections
(A. Tseytlin, A. T, 08, M. Beccaria, A. T. , to appear)

e Long spinning string, Quantum Corrections
(M. Beccaria, V. Forini, A. Tseytlin, A. T., to appear)

e Conclusions



AdS/CFT correspondence (Maldacena)

Gives a precise example of the relation between
strings and gauge theory.

Gauge theory String theory
N=4 SYM SU(N) on R* IIB on AdSxS5
A, P, WPa radius R \
Operators w/ conf. dim. A String states w/ E = o

0, = O; R/l = (goy N)™

2 _ A large — string th.
N = 0, A= Qgyy N fixed = |\ sma  field th.




Folded spinning string
(Gubser, Klebanov, Polyakov)

ds® = — cosh” 0 dt* + dpQ + sinh? 0 dgbg

t=k1, Qo=wt, p=p(o)
Equation for p

) 1h2
p = :I:f{,\/l — 1N sinh? P coth? py = % =147

Complicated classical solution

Sillhp — L ST [}{, N o, _l}

V1 J

Dual to minimal twist gauge theory operator tI‘((I)D"_?iq))



Periodicity condition implies

1 I 1 1 v1+7 1 3 1
E= — R (-2, = 1:—2) S=X"T,Rn(= 52—
N 272 1 21\/1 2" 2 7]

Cannot obtain exactly & = £(S)
Perturbatively in large S

E—S’—@lﬂS—l—.”

In .S scaling obtained also on the gauge theory side



Difficult to quantize string on AdSx x S”

solution:

construct various classical solutions at quantize them
semi-classically

starting action for string in Ad Sk x qo
(Metsaeyv, Tseytlin, 98)

S=T / d’o [Gmn (x)ox" Ox" + () (D + F5)00x + 00000x0x + ...

-- complicated solution — hard to quantize
semi-classically even at 1-loop

-- this is the case for folded string solution
-- possible to quantize in different limits.



Short spinning string -- Quantum corrections

Folded string solution in flat space
ds* = —dt* + dp* + p°do”

Solution is

l=€T, p=€sinc, Q=T
string tension like in AdS

1 VX
T_z

T T 27

Classical Energy and Spin satisfy usual
flat-space Regge relation

E():E\/X SZ?\/X

i



Eo(S.\) = AV*/28

This is exact in flat space

Folded string solution in AdS

w 1
0 < P < Pmax coth Pmax — T — \/1 + 6_2

sinh p = e sn(ke o, —€?)

e measures the length of the string

We expand in small ¢

] . r.
Pmax — ¢ — gﬁd - O(fj)



1
e =28 S
4+/2

Short string limit corresponds to small semi-
classical spin S < 1

Classical energy

Fo(S.A) = AV/4V285 - k

4v/2

This small spin expansion is an example of a near flat
space expansion: the leading-order in solution ¢ can

be identified with the folded spinning string solution
In the flat space

)\—1/453/2 + ()(55/2)



Quantum corrections

Lﬁ) Corrections respect the structure at
VA classical level

Semiclassical quantization_

S
A, = fixed < 1

VA

Energy has the following structure_

E(S,)\) = \Y/432S {ho(x) + hi(A)S + ha(N)S2 + ...

1 1 Un2

AT e

1.
Ity —




Classical string

| 3 21
oo = 1, a0 = 35 (20 =
3 128
1-loop string computation gives
e
. 1 . i 1 ~79\ . Nn Non
. — J_ . | —_— - = > J T
o1 , (11 64 2@, \9) U.UoJd
UV finitness of superstring implies
h-o()\) =3

Gauge theory

Corresponding operator in SL(2) sector
low twist operator t.I‘((DD‘i(D) with S ~ 1




anomalous dimension scale as
(A.V. Kotikov, L.N. Lipatov, A.l. Onishchenko,
V.N. Velizhanin)

A(SN) = q1(N)S + q2(N)S” + O(S?)

Gi(A) = 1+ dp A+ dga )\ + ...
G2 (\) = dog A + dao\* + ...

A< 1, S = fixed

formally expanded in small S limit

cannot directly continue string expansion to
small S and small )\



To relate the "~small spin” string theory and gauge
theory expansions one would need to re-sum the series
in both arguments ()\ﬁ S)

sum up the weak-coupung expansion and then

re-expand the result first in large \ for fixed § — =
and then in small S VA

1-loop correction at strong coupling — some details

Work in conformal gauge with flat 2d metric
expand the AdS; x S° superstring action near

solution at quadratic order in fluctuations for bosons
and fermions



Lp = —0,t0% — 126> + 0,00 + H3>52
+ 4p(ksinh p 9ot — w cosh p Opd) + 0, pO° p + ui[)’z
e 0(1 juaa ju _|_ ){L 3/ 52 _|_ 0{1‘,‘-/0(1 _|_ O(IX OQXQ ,

,ui = 20 — w?, ,u.f} = 20" —w* — K, ,u% = 20"
B, (uw=1,2) AdSy fluctuations transverse to Ad.Ss

. - =
N v (e — 1 ‘) 3 4) ﬂl unations in Qo
'\T-r"f, z/x-i.:: |\E_J Ay _.-'1-, J._/IJI J.J.L uLlUllLJ 111 L5

The fermionic part of the quadratic fluctuation
Lagrangian -- 4+4 2d Majorana fermions with
g -dependent mass

Ly = 2i(U~70,U — p1p W9, W) | 15 = p'*




Expanding coefficients in small €

1
7 = € cos20 + ..., j = —1—|—(COSQO—|—§)62—|—...

1
ji = —1 4 (cos 20 — 5)62 + ... [ =25 = 26" cos” 0+ ..

Fluctuation Lagrangianis g dependent, not
easy to compute spectrum

1-loop correction to string energy

1
o L _
1= ] _/dfrﬁ\oo

Fluctuation Lagrangian does not depend on time

det[—07 — 05 + 2¢* cos® o] ’T/ —det —07 + w? + 2¢* cos” ]



We can now use perturbation theory in €2

det[A + ¢*B]
det A

= Tr[A™'B] + O(¢*)

In

det?[—02 — 02 + €2 cos? o] det2[—02 — 2
0 1 0 :

Z — ‘ 5
det? — 05 — 07 + 2¢2 cos? o] det2[—03 — 07] det%Q

Example: for decoupled bosons

det 02 W 2¢2 cos? 7
In [ il 2+ ‘ U ~ € Z / il cos® o
det|—0; + w?] n? 4+ uJ2 27

5 1
:EZ > 5
n< + w

n

Q is 3 x 3 matrix coupled fluctuation operator




Leading 1-loop 62 correction to energy vanishes

Expected energy is like in flat space. It should be
true to all loops.
4

Higher order in expansion to get first non-zero coeff. €~

det[A + € B + ¢*C]
det A

g
= Tr[A™'B] — S Tr[A™ ' BA™ B + ' Tr[A7'C]

i

In

Ais massless propagator; B,C are 0 -dependent
iInsertions . Technically more involved.
The result is:



Iy (e*)

Tet [ 7 1 1 1 — Siw 1 1 + Siw

= dw — —— - — ‘ — — ‘ .
it J_ { Z; [ 8n? +w*  32n* 4 (w+1)?  32n*+ (w— 2)2]

> [_ A @i P @07

mn

_|_

1 1 1 1 1 1
—— : = + ; + = SCITNE -
An? + w? ((n — 22 +w?  (n+2)2+ w2> 2[n?+ (w+14)3[n? + (w—1i)?]

1 1 1 1
+ W’ + — + .
” ((n +1)224+w?  (n—1)2+ uﬂ) (nQ +(w+1i)? n?+ (w-— ’¢)2>
1+ )2 1 1 1
+ d+3) ( + )

4 n?PH+(w—i)2\(n—22+w—-1)2 n+2)?+(w—1)?>

N (1— %) 1 1 N 1
4 n?+(w+1)?’\(n—2°24+(w+i)? (n+2)?+(w+1i)?



Remarkable both sum and then the integral can be
computed exactly

The summation gives

Z g + 1)esch’mw 4 T(hw* 4+ 4) coth 7w B 53 B 97
= 2w 8w (w? +1) AB(w? + 1) 32(w? +4)
_ _ n L
16(w? + 9) 96( 2 | 16) 3? MR 12 (@rd2 o

\

-loop correction to energy
14l

1= \/5[32

¢(3) also in dimensions of short opcrators at weak coupling

((3)] 82 +0(8°7)




Generalization to non-zero J in SA5

String spinning in AdS, and around a big circle in
SAS
Important for relation to SL(2) sector operators

tr(D3 ®)

J interpreted as the length of the corresponding spin
chain

Expanding in short string limit ¢ << 1  two possible
cases

oif I = J > 1 fastshort string, BMN like limit

S S
S=Vv+S+-—+.., r>1, —<<1
2V 1%




oif <« /S < 1 slowshortstring limit
Classical energy has near flat-space expansion

5—\/%(1+—2+ ) k S (14 51/2+ ) +
0 — 1S |4\/§ -

1-loop computation in the second case

Result:

1 I J? J4
E = MiV2S]|1 14+04+..)— 140+ .)+0(J"
r _ +4\/XS( +0+...) 32>\5’2( +0+...)+ O( )]

v 3 4 41 VE 5 1
+ _\—m <1+ g +...)+ a ( +_+...)
4 i 3\/X(32 (3) VAS\12 3V

J4 7 L 5
- (96+—+ )+O(JG)] +0(S2)




r-ll'

Computed 1-loop correction to order S'2
The result contains rational numbers,

¢(3) and ¢(5)

Higher order in S, more zeta functions appear at J=0

Interesting to compute two-loop string corrections
but hard, and, of course, to sum up the series

Understand strong coupling limit of anomalous
dimension A for short operators --finite S

Beyond asymptotic BA



Long spinning string -- Quantum Corrections

Start with spinning string solution

Sinhp—isn[h: T}O‘—l} 0<o< =
NG ot - T2

Maximum length 0

2
W
coth? pg = " =147

Small 7) expansion

O I t. . — 6

String touches the boundary of AdS pp = OC



At leading order this leads to the energy E— S~ Log S
Here we want to go to next orders in large S

Solution can be expanded as
sinh p = sinh(roo) — g[smh(%ﬂﬁ ) — 20] cosh(kpo) + O(n7)

Energy and spin expansion

2 ko + 1 7
E= I _0 J ——(27ko — 3) + O(n?)
™ o 327

2 0 — 3 T
§— = N0 ——](27Th0—|-13)—|-0(r] )
) 27 327

Next to leading order string does not touch the boundary

Classical energy is given by



S
E=VXES) . S = 7
E(S)ge, =S +aolnS +a.+ é(aﬂ InS + aqg)
;2 (@22 1n% S + a9 InS + asg) + C’)(hjs_;s)

) = %j . = ;(1118’% — 1)

Expect the same structure when including string

loop corrections — check at 1-loop. Structure is:
E=5+fInS+ f.+ l[fll In S+ fro]

In* S

[jpln S+ forln S+ fon] + O

3



coefficients f,f ¢, f 11, ... receive 1 —corrections:

(VA) |
VA 31n2 A B 61n 2 |

a Vv T 3In2 . 87
fe = (111 In | )

m VA Vi VA
.. A 31n 2
fi0 = — [111 o7 1 ) I,l_ (21n 87,1 1)+ ...

27+ VvV VA A J

. . LST .LST
String side: V' )\ 1 =fixed and then =— 1
g V> = >

Gauge theory side: A < 1, S=fixed and then .S > 1

Remarkable one obtains the same structure



G F f111115+f10 fao In® S+ fo1 In bS + faq
V(S)goy = [N S+ fo+ +

S 5=
fgg In® S+ f30 In® S+ f31 In S + fs0 In* bS
53 T O( G4 )
S = ¢7'ES Coefficients are power series in )\ = 16/\ .
—

Functions f, f ¢, f 11,... are interpolating functions

Anomalous dimension for twist two scalar operators
Tr(®D7®) at four loops obtained from asymptotic BA.
(Kotikov, Lipatov, Rej, Staudacher, Velizhanin, 07)

72 ]871? .. 58470 A
— 8\ — —)\2 A\ — - 64C2) )\
/= 45 ( 315 G3)
fo=—24C3\% + (?r C3 4 160(5) N + (—?—(5)77 (3 — ?w‘ s — 1400¢7) N\
fll _ 323\2 B ()471' X 9()71' j\

3 5



f is universal function related to cusp anomaly of
light-like Wilson loops
In

Interesting property: coefficients of —qk—q seem
to be universal in twist and flavor.
all these coefficients can be determined from f:

Y(S) g1
11 In S In“ S In S
WS4t f11 In +f10 f‘>2 n? S+ for In S+ fog

S 2
fag In? S 4 f39 In? S+ f31 In S+ fag | In* S
g3 | O( q4 )

-1 -1 -1

g2 . L3 _14
J‘11—2J‘; J22 8]‘; /33 o



Why these functional relations happen??
(B. Basso, G.P. Korchemsky, 07)

-- operators tr(DicIy] ) classified according to
representations ot SL(2,R) subgroup of SO(2,4)

-- representations labeled by conformal spin s = (S + A)

-- argue that anomalous dimension is a function of
S only through conformal spin

A=S+J+v(S,J)

--implies the existence of a simpler function f{

(S = f(S’ 1 %“/(5)) ““functional relation”




Function f simpler and more fundamental:

L
should not contain 11" 5 inlarge S
ns g

i

gauge theory large S expansion consistent with
functional relation:

v(S) = fIn (S + %flnS + ) + ...

-2 3 12 4 143
:flnSIfhlS ffntSsS o ffInt S

2 5 8 52 24 53
This gives fi1, f22 , f3z3 , ..... interms of f

Indeed consistent with gauge theory perturbative
expansions



Another interesting observed fact: reciprocity property

Function { in functional relation at large S runs in
inverse even powers of quadratic Casimir of SL(2,R)
Z (Ln 111C
2n
n=0 ¢

C is bare quadratic operator defined in terms of
conformal spin (2 = so(so — 1) orin terms of spins

C*=(S+2)(S+3J—1)

Reciprocity condition |molles relations among some

of the coefficients of hgmsj E<m




Fortwist ,J = 2

J10 =
a L . .3 9 . .
fa2 = 7= [P —=2f7 (fe+ 1) — 16 fo1]

Functional relation and reciprocity hold at strong
coupling ? Yes, check to 1-loop in string theory

Functions f , f..f10 . f11 extended at strong
coupling



1-loop correction at strong coupling -- some details

S

Expand in large semi-classical parameter_ S = o)

Expanding in small 7) quadratic fluctuation Lagrangian_
EB = EO + *r]f,l + ...
Lo= — 0ax0"X + 0,80 + 2r0 X&' — 2k0 X'€ — 4K pE
+ D0fpdp A+ 03,0 By + 26332 4 00000 + OaXsO"X -

El — —KJ(Q) (3()811(2%00)52 — KL(Q) cosh(Qfs:ga)ﬁQ — K(Q) sinh(2kgo) &y
K | K
— —O[ﬁzgi’r cosh(2kg0) — 2],32 + (& =&Y )[— ~ 70 cosh(2rk00)]
-

— pYKko sinh(2kp0) — pC[ + ko cosh(2kp0)]



1-loop effective action 1’

T det[—0Jf +w” + p”| 5 det[—07 + w? + 20|

— — | dw [8 In

4r det[—02 + w? + k2] det[—07 + w? + 2K§]

detS[—(‘)% + w? + K] I det@., i det P,

det*[-0] + w? + 2xg] det®[—0F + W] detQl} det Q)

In

Expand ratio of determinants with

det|A + 1 B]
detA

Obtain a contribution

T T >
riY = > A,

1 A
n——oo

In =1 TI‘[A_IB] + 0(772)




A 8K 4K0 4K
n -

Vn2+ kS N+ 263 /n?+ 4k3
another contribution

1
B = 2 [ 2\/'”2 + 265 + \/732 + 4kE +5Vn? — 8\/712 + K3 ]
Y

n=—ox

. L. 16
Extract leading order at large ko = —1In L

. . v T
using Euler-MacLaurin formula ’

1-loop the same structure as at classical level

b11InS + b1g In®S

Ei=0b00InS + 0. 3 - O( I )




3In2 31n 2
by = —3 - b, = — = In 87
T T
31n 2 31n2 1
bi1 = — — bio = — — (In8m — E)

functional and reciprocity relations at strong
coupling imply:

1
D11 = aobo b10 = 5(aobe + boac)
recalling classical values
1 1
ap = — ac. = —(In87 — 1)
70 v

satisfied by the above coefficients !



Conclusions

e developed method to compute 1-loop corrections
to spinning folded string in particular limits:
long and short spinning string
e Long string: relations among coefficients
of energy expansion in large S shown to hold at strong
coupling to a few orders log S, S*0, 1/S, log S/S

interesting: check this at higher orders in large S
expansion. Also, extend to (S,J) solution.

interesting: understand better functional and reciprocity
relations on both gauge and string theory

e Short string: structure of energy expansion
obtained to 1-loop at strong coupling

interesting: understand BA for short operators S~1
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